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Introduction
Let R n denote the standard n-dimensional Euclidean space and use (x 1 , · · · , x n ) for its standard coördinates. We shall consider R n as the real part of the standard n-dimensional complex space C n with coördinates (z 1 , · · · , z n ) and write z, w for the bilinear form z, w = n i=1 z i w i on C n extending the usual Euclidean inner product on R n . Associated to this inner product, the Laplace operator on R n is
and it naturally extends to a differential operator on C n , still denoted by ∆, as
Suppose U is a connected open subset of R n and u is a harmonic function on U , i.e. a solution of Laplace's equation
It is well-known that such a u is real-analytic and hence has a holomorphic extension to a open subset of C n containing U . Evidently, this holomorphic extension satisfies the complex Laplace equation. It is natural to ask whether there is a common open subset of C n to which all harmonic functions on U extend and, if so, whether there is maximal connected open subset with this property. If n ≥ 4 is even, these questions both have affirmative answers and the resulting maximal connected open subset of C n is called the harmonic hull of U (in [1] , although the resulting set turns out to be the same, the harmonic hull is initially defined in terms of polyharmonic functions). To identify the harmonic hull we need some notation.
Definition 0.1 ([1], p. 40). For any z ∈ C n , the isotropic cone through z is V (z) = {w ∈ C n : w − z, w − z = 0}.
It is clear that V has a symmetry property, namely z ∈ V (w) ⇐⇒ w ∈ V (z).
Definition 0.2 ([1], p. 42). For U a connected open subset of R n , we defineŨ to be the connected component of
containing U .
By the symmetry property of V , note that
The purpose of this article is to prove the following result using twistor theory (in [1] it is proved by different means under some further conditions on U ).
Theorem 0. 3 . Any connected open subset U ⊆ R 2m for m ≥ 2 has a harmonic hull and it is given byŨ .
It is clear thatŨ is maximal because for x ∈ R 2m \ U the Newtonian potential centred at x r x (z) = 1 z − x, z − x m−1 is harmonic inŨ but cannot be extended through V (x). Therefore, it remains to show that every harmonic function on U indeed extends toŨ .
In dimension 2 one needs to suppose that U is simply connected, in which case the result is easily derived by complex analysis. One only needs to know that every harmonic function on U can be written as the real part of a holomorphic function, a fact that can be viewed as a rather degenerate form of twistor theory. In dimension 4 twistor theory comes to the fore, providing a replacement for this 2-dimensional statement. We shall begin with Bateman's formula [4] for harmonic functions of four variables. This formula is not completely precise and requires careful interpretation for rigorous application. Twistor theory will be used to interpret the formula as a transform on suitable cohomology. This is the classical Penrose transform [7, 11] and is sufficient to prove Theorem 0.3. This treatment in dimension 4 allows for generalizations to higher even dimensions, using [15] . We shall see in Section 5 that the harmonic hull in odd dimensions behaves differently.
Although the results in this article are rather straightforward deductions from the Penrose transform, as a by-product we clarify the statements in [1] . In particular, we draw attention to the sharp distinction between even and odd dimensions. This is quite natural from the twistor theory point of view. Another motivation, however, is to present the twistor approach as the natural method that we anticipate will extend to other settings. In particular, our motivation comes from a recent article [13] by Kroetz and Schlichtkrull who use techniques from partial differential equations to show that eigenfunctions of the Laplacian on a Riemannian symmetric space extend holomorphically to its complex crown and we suggest that the integral transforms on cohomology discussed in [6] might be used to the same effect.
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Harmonic hull in dimension 2
In dimension 2, the complex Newtonian potential
is harmonic but is only well-defined locally once a branch of logarithm has been chosen. Consequently, an annulus in R 2 does not have a well-defined harmonic hull in C 2 (for consider trying to extend the real Newtonian potential based at a point encircled by the annulus). If U is simply connected, however, then the result is exactly as in Theorem 0.3. Firstly, the potentials (3) for x ∈ R 2 \ U show thatŨ is maximal. Secondly, to show that harmonic functions on U extend toŨ we may proceed as follows.
It is well known that a harmonic function u on a simply connected open subset U ⊆ R 2 can be written as
for holomorphic functions f and g. This representation evidently extends tõ
whenever the right hand side makes sense, i.e. precisely when
whereŪ denotes the set of complex conjugates of points in U . On the other hand, we may computeŨ from the right hand side of (2). Specifically, V (z) ∩ R 2 is the set
and so V (z) ∩ R 2 ⊂ U if and only if the conditions (6) hold. It is also clear from (6) that these conditions define a connected (and simply-connected) subset of C 2 . Therefore (5) extends u toŨ , as required.
Harmonic hull in dimension 4
The investigation in dimension 2 suggests that a representation of harmonic functions by holomorphic data will also be useful in understanding the harmonic hull in higher dimensions. In dimension 4 such a representation, albeit too naïve for our purposes, is given by Bateman's formula [4] . 2.1. Bateman's formula. Let f be a holomorphic function of 3 complex variables. Consider the function defined on U ⊆ R 4 by
where γ is some contour on the complex ζ-plane. Differentiating under the integral sign shows that u satisfies the Laplace equation.
The cautious reader may be concerned, however, that the domain of definition for f has not been specified nor has the precise location of the contour γ. If f is defined on all of C 4 , for example, then u(x) will be identically zero by Cauchy's theorem. Precision will be restored later by twistor theory. For the moment, let us pretend that this expression makes good unambiguous sense and let us further assume that every harmonic function u has such a representation, a fact also to be justified by twistor theory. To see how Bateman's formula (7) allows us to extend u, observe that the mapping implicit in the integrand of (7), namely
Two such lines L z and L z ′ intersect if and only if the linear system in ζ
This condition is not sufficient but if we embed C 3 into projective space CP 3 so that the third homogeneous coördinate is 1, then its composition with the previous mapping gives
which naturally compactifies as an embedding of the projective line CP 1 ֒→ CP 3 so that (8) is now sufficient for non-trivial intersection. In other words, if we now write L z for the image in CP 3 of the embedding CP 1 ֒→ CP 3 given by
In particular, if x and x ′ are distinct real points, then (8) never holds and so L x and L x ′ can never intersect. In fact, it is easy to check that the set of lines
Certainly, if one allows x in Bateman's formula to become complex, i.e. we consider (7) with x ∈ R 4 simply replaced by z ∈ C 4 , then we obtain a holomorphic solution of Laplace's equation, sayũ(z), extending u(x). Thus, if we could make good sense of Bateman's formula as associating a harmonic function to some holomorphic data on U and if every harmonic function of U were to arise in this way, then we would expect the same formula to associate an extensionũ(z) of u(x) provided that L z were contained in U. Therefore, we should identify {z ∈ C 4 s.t. L z ⊂ U}. To do this we observe that the region of CP 3 swept out by L x for x ∈ R 4 is the same as the region swept by L z for z ∈ C 4 (only the line [ * , * , 0, 0] ∈ CP 3 'at infinity' is omitted in either case). Therefore, to say that L z ⊂ U is to say that L z does not intersect L x for all x ∈ R 4 \ U and by (8) this is to say that z − x, z − x = 0. In other words, in terms of Definition 0.1, we have
According to Definition 0.2 we conclude that harmonic functions on U extend toŨ , as required. Of course, this reasoning is based solely on the geometry implicit in the form of the integrand in Bateman's formula (7). Once we use this geometry to make rigorous sense of Bateman's formula, then we shall have a genuine proof.
2.2.
Justification of Bateman's formula: the Penrose transform. Let us elaborate on the geometry uncovered in the previous section. We associated a complex line L x in CP 3 for each x ∈ R 4 . A complex line in CP 3 is the same as a complex 2-dimensional linear subspace of C 4 . Thus, we obtain an embedding
Now consider the double fibration
where F 1,2 (C 4 ) denotes the complex flag manifold
and where µ and ν are the tautological 'forgetful' maps. The formula (9) for L z is now interpreted as
a standard affine coördinate patch (with a convenient change of basis included in C 4 ∼ = C 2×2 ). We now ask how the embedding R 4 ֒→ Gr 2 (C 4 ) sits with respect to the double fibration (10). Proposition 2.1.
• The closure of
Proof. The first point could be checked by looking in all standard affine coördinate patches. It is convenient, however, to adopt a viewpoint that generalises to higher dimensions as follows. Regarding Gr 2 (C 4 ) as the simple 2-forms in 4 variables up to scale, the Plücker embedding
identifies Gr 2 (C 4 ) as the non-singular quadric Q 4 of dimension 4. Then, for the composition
where
the quadric Q 4 being given by φ 12 φ 34 − φ 13 φ 24 + φ 14 φ 23 = 0. Now consider the embedding RP 5 ֒→ CP 5 given by
and notice that
It follows that the closure of R 4 ֒→ Gr 2 (C 4 ) is the intersection RP 5 ∩ Q 4 and that this in turn is
which may be identified with the sphere S 4 . For later use, let us note that the induced mapping R 4 ֒→ S 4 is given by
which is inverse stereographic projection. If we define θ :
then the plane φ ≡ [Z ∧ θZ] is given by
and satisfiesφ 12 = φ 12 ,φ 13 = φ 24 ,φ 14 = −φ 23 ,φ 34 = φ 34 which are exactly the conditions to lie in RP 5 ֒→ CP 5 as defined above. It is straightforward to check that this is the only plane through Z with this property. Finally, if we solve for [ξ 0 , ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 ] we find that τ :
which is certainly a submersion.
The following theorem provides a strict interpretation of Bateman's formula in which the formula itself is viewed as an attempt to write P inČech cohomology.
There is a natural isomorphism
Proof. A detailed elementary proof may be found in [8] , for example. Here, we shall present a more abstract proof avoiding some of the detail. Much of the argument is rather general and so we shall generalise the notation, writing
instead of (10) for a general double fibration of complex manifolds, where we are assuming and incorporating into the notation that the complex manifold CM is the complexification of a smooth real manifold M (in fact, we shall only need CM in a neighbourhood of M ). In our case CM = Gr 2 (C 4 ) is the complexification of M = S 4 and here we know that for each Z ∈ CP 3 , there is a unique point in S 4 , namely τ (Z), such that Z and τ (Z) are in correspondence under (10) . We may abstract this knowledge by adding to our diagram as follows
where Z is realised as a smooth submanifold of the complex manifold X in addition to being its holomorphic quotient under µ and τ is simply the restriction of the holomorphic fibration ν to Z realised in this way. In general, let us write m = dim C (fibres of µ) and s = dim C (fibres of ν).
In our case (10) we have m = 2 and s = 1. In general, it follows that
Although τ is not a holomorphic mapping it does have holomorphic fibres. This implies that if we write Λ 1 Z for the bundle of C-valued 1-forms on Z, then the sub-
Z is preserved by the complex structure and we can decompose the quotient Λ
τ , obtaining a surjective homomorphism of bundles Λ 0,1
We may ask about its kernel, noting that, whatever else is true, the rank of this kernel is certainly (m + s) − s = m. There is a natural complex vector bundle of rank m on X, namely Λ In practise, however, it is convenient to relegate this task to a spectral sequence, namely that of a filtered complex [14] . Firstly, one replaces
The resulting spectral sequence is
where τ q * Λ p,0 µ denotes the smooth vector bundle on U whose fibre over u ∈ U is the finite-dimensional Dolbeault cohomology H q (τ −1 (u), Λ p,0 µ ) of the compact complex manifold τ −1 (u) with coefficients in the holomorphic vector bundle Λ p,0 µ , assuming that the dimension of these spaces remain constant as u ∈ U varies.
The spectral sequence we need is a minor variation on this one. It is obtained by incorporating a holomorphic vector bundle V on Z. Certainly, we may tensor (15) with V , obtaining a short exact sequence that we shall write as
One easily checks that V being holomorphic forces the induced filtration on Λ 0,• (V ) to be compatible with the coupled∂-operator. The resulting spectral sequence is
where τ q * Λ p,0 µ (V ) denotes the smooth vector bundle on U whose fibre over u ∈ U is the finite-dimensional Dolbeault cohomology H q (τ −1 (u), Λ p,0 µ (V )) of τ −1 (u) with coefficients in the holomorphic vector bundle Λ p,0 µ ⊗V , assuming that the dimension of these spaces remain constant as u ∈ U varies.
Notice that the bundles Λ p,0 µ ⊗ V on Z may be seen as the restriction to Z ⊂ X of the holomorphic vector bundles Λ p,0 µ ⊗ µ * V on X. Assuming that they are locally free and hence represent vector bundles, the direct images ν q * O(Λ p,0 µ ⊗ µ * V ) on CU restrict to U as the smooth vector bundles τ q * Λ p,0 µ (V ). In the homogeneous setting, as we shall see, this observation allows us to compute the terms in (16), the point being that the double fibration (10) is homogeneous under the action of SL(4, C).
Without further ado, we now switch to the notation of [3] to compute the direct images τ q * O(Λ p,0 µ ⊗ µ * V ) as homogeneous vector bundles on Gr 2 (C 4 ) when V is the line bundle corresponding to O(−2). With the notation of [3] , only mildly abused, we have
the only non-zero direct images of which are
[3, pp. 99-100]). Consequently, the spectral sequence (16) reads
where E[k] denotes smooth functions of conformal weight k on S 4 as a homogeneous space under the action of SO(n + 1, 1) as explained, for example, in [9] . It is well-known (and also explained in [9] ) that the only SO(n + 1, 1)-invariant linear differential operator E[−1] → E[−3] is, up to a constant multiple, the conformal Laplacian and in the flat metric this is the ordinary Laplacian (1). Provided that the
) is non-zero, our desired conclusion (11) follows. An easy way to see that this E 2 -differential is, indeed, non-zero is to observe the following points (the first of which, by Peetre's Theorem [16] , also shows why we know without computation that
• The spectral sequence (16) respects restriction to smaller open subsets.
Alternatively, as is effectively done in [8] , one can compute the E 2 -differential explicitly to come to the same conclusion.
At this point we have proved Theorem 0.3 in case m = 2, i.e. in dimension four. Notice already in (14) that if this proof is to extend verbatim to higher dimensions, then M must have even dimension.
Generalities on double fibrations
Before we generalise the four-dimensional case to higher even dimensions, we point out two aspects of our discussion so far that apply rather more broadly.
3.1. Involutive structures in a correspondence. Let us suppose that we start with a correspondence of complex manifolds in which one of these manifolds is the complexification of a real manifold, as depicted in (12) . Letting
of which (13) is the special case where it just so happens that η : F → Z is a diffeomorphism (whilst in general η need be neither injective nor surjective). It is a matter of linear algebra to check that there is a short exact sequence of vector bundles 0 → Λ 1,0 
F ) and it is readily verified that∂ 2 = 0. A quotient bundle with this property is called an involutive structure in the sense of Trèves [2, 17] . Just as (15) gives rise to a spectral sequence for the Dolbeault cohomology of Z in terms of smooth data on M , so does (17) give rise to a similar spectral sequence for the involutive cohomology of F . This is a useful procedure whose final conclusion depends on the particular circumstances and especially how one interprets this involutive cohomology down on Z.
For the classical correspondence (10) regarded as homogeneous under the action of SO(6, C) (rather than its double cover SL(4, C)), there are three natural choices corresponding to the real forms
in which we take M to be the unique closed orbit in Gr 2 (C 4 ) of the real form. For SO(5, 1) we obtain M = S 4 and the classical Penrose transform of Theorem 2.2. For SO(4, 2) the range of η : F → Z is the standard indefinite hyperquadric N ⊂ CP 3 and η : F → N is a circle bundle. Eventually, we obtain by these means a transform on the CR cohomology of N . Finally, for SO (3, 3) , although the mapping η : F → Z is a surjection between 6-dimensional manifolds, it is not a diffeomorphism. Instead, it is the real blow-up of CP 3 along RP 3 equipped with the induced involutive structure [10] . As explained in [8] , the involutive cohomology in this case may be used as a prop in understanding the classical John transform [12] on R 3 .
Homogeneous double fibrations.
Suppose G is a complex Lie group with closed Lie subgroups P , Q, and R = P ∩ Q. Then there is a double fibration
where we are taking the liberty of writing G/P as CM to indicate that we have in mind this complex manifold being the complexification of a real manifold (even though in this subsection we are not insisting on this). We shall also suppose that P/R is compact whence the fibres of ν are compact.
Take a point z ∈ CM and consider L z ≡ µ(ν −1 (z)) ⊂ Z. In particular, if z = o, the identity coset in G/P , then L o = µ(P/R). It is evident that µ is injective on P/R and hence L o is an embedded submanifold of Z isomorphic to P/R. Since the whole double fibration is homogeneous under G it follows that L z is an embedded submanifold of Z isomorphic to L o for each z ∈ CM . The map
realises G/R as the set of pairs (l, z) ∈ G/Q × G/P satisfying the familiar incidence relation l ∈ L z .
We would like to know when L z intersects L z ′ in this homogeneous setting. Let g z ∈ G be a representative of z and g z ′ a representative of z ′ . Then it is a matter of untangling definitions to check that L z ∩ L z ′ = ∅ if and only if
where P QP denotes the set z ′ g z ∈ P QP for g z ∈ z and g z ′ ∈ z ′ , noting that this does not depend on choice of g z and g z ′ .
We have just observed that
The relation '∼' is symmetric (but not transitive) and z ∼ z always holds.
Lemma 3.2. The set P QP is closed in G.
Proof. Let R act on P × G by r(p, g) = (pr −1 , rg) and let P × R G denote the quotient. Define P × R Q similarly. Then P × R Q is a closed subset of P × R G. To see this, note that (p, g)
} is a convergent sequence in (P/R) × G and, by the definition of quotient topology, so we may modify the sequence {p i } without loss of generality so that it converges in P , say to p. It follows that {q i } converges and, since Q is closed, the limit point q must be in Q. Therefore, the sequence in P × R Q represented by {(p i , q i )} converges to the point represented by (p, q). Similarly,
For any topological spaces, the projection X × K → X is a closed mapping if K is compact. Therefore the image of P × R Q × R P under the projection (P/R) × G × (P/R) → G is closed. This is exactly P QP . Corollary 3.3. Suppose in addition that all groups involved are algebraic. Then P QP is an algebraic subvariety of G.
Proof. As the image of P × Q × P under the algebraic mapping of multiplication G × G × G → G, it follows that P QP is constructible [5] . Then since P QP is closed in the usual topology on G, it is also closed in the Zariski topology. Alternatively, one can repeat the proof of Lemma 3.2 almost verbatim for the Zariski topology, using at the end that the image of a closed set under a proper mapping is closed.
Harmonic hull in higher even dimensions
Following Murray [15] , to extend the correspondence (10) to higher dimensions, we should identify Gr 2 (C 4 ) with the non-singular quadric Q 4 ⊂ CP 5 as in the proof of Proposition 2.1 and consider the quadric Q 2m as a homogeneous space for G = SO(2m + 2, C). It is convenient to take (21)
Since with these conventions the first standard basis vector in C 2m+2 is null, we have Q 2m = G/P , where
More explicitly, it is easy to check that elements of P may be written uniquely as
where these blocks are of appropriate sizes and such that ÂB CD ∈ SO(2m, C).
For the twistor space in this case, we shall take (14) we see that s = m(m − 1)/2. Setting X = G/(P ∩ Q) and using the notation of [3] , we obtain the following correspondence
(for convenience, written in case m = 6) as detailed in [3, pp. 111-115 ].
Lemma 4.1. P QP ⊂ SO(2m + 2, C) is defined by the equation C 11 = 0, i.e. 
Proof. By applying P QP to the first standard basis vector, bearing in mind the form (22) and (23) of elements from P and Q, it is clear that (25) P QP ⊆ {C 11 = 0}.
It is certainly possible to show equality by direct calculation and normalisation (using that there are just two orbits for the action of G on C 2m+2 \ {0} according to whether a vector is null or not). Alternatively, we can use Corollary 3.3 to infer equality once we know that they have the same dimension provided that the right hand side is also irreducible. To compute the dimension of P QP , let us take z ′ = o in (19) to conclude that
Therefore,
Now we need to know dim(L z ∩ L o ) in case this intersection is non-empty. For this we can take z to be represented by the second standard basis vector and identify this intersection with
deducing that it has dimension (m − 1)(m − 2)/2. Bearing in mind that the fibres of µ have dimension m and that L o itself has dimension m(m − 1)/2 we find that
From (26) we deduce that dim P QP = 2m 2 + m + 1 + (2m − 1) = m(2m + 3).
Therefore, P QP has codimension 1 in SO(2m + 2, C) and it remains to show that the right hand side of (25) is irreducible. For this one checks in local coördinates that {C 11 = 0} ⊂ SO(2m + 2, C) is smooth except along P where it has a quadratic singularity. Since P has codimension 2m in G and m ≥ 2 irreducibility follows.
To complete the proof of Theorem 0.3 in higher dimensions, there are just two remaining issues to address. The first is geometric, namely to check that the relation z ∼ z ′ of Definition 3.1 corresponds to null separation as it does when m = 2. The second issue is analytic, namely to check that there is an appropriate double fibration transform.
To understand the geometry one works in an affine chart on CM = G/P . Using block matrices as above, it is easy to check that defines a cöordinate chart on G/P in which vector addition corresponds exactly to multiplication of such matrices. In particular,
which is the null separation we require. It is also straightforward to check in these coördinates that the round sphere S 2m is conformally embedded as a totally real submanifold of CM .
Finally, it remains to generalise the Penrose transform to this setting and for this we follow the proof of Theorem 2.2. The essential point is that this proof reduces the spectral sequence for the fibration 
Harmonic hull in odd dimensions
The harmonic hull in odd dimensions behaves differently. The most blatant difference is that it may no longer exist in the naïve sense defined in the introduction. Let us see, for example, that there is no maximal open set in C 3 to which all harmonic functions on U = R 3 \ {0} extend. In accordance with Definition 0.2 (27)Ũ = C 3 \ {z 1 2 + z 2 2 + z 3 2 = 0}.
We shall see thatŨ is the only candidate for the harmonic hull and yet there are harmonic functions on U that do not extend there. The Newtonian potential
is harmonic on U and extends to a neighbourhood of U in C 3 as
for a suitably chosen branch of square root. Consider the embedding
given by F (ζ) = (ζ, ζ 2 , 0). There is no well-defined branch of r • F (ζ) = 1 ζ 1 + ζ 2 on C \ {−i, 0, i} and so there is no well-defined branch of r(z) onŨ . Nevertheless, harmonic functions on U do extend into C 3 and, in fact, it is shown in [1] that all harmonic functions U extend uniquely to the reduced harmonic hull (28) C 3 \ {z 1 2 + z 2 2 + z 3 2 ∈ R ≤0 }.
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